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PART A

BSM 1923

Q1 A periodic function f(x) is defined by

(2)

(b)

©

(d)

3+x -w<x<0,
f(x)={3 0<x<m,
f(x)= f(x+2x).

Sketch the graph of f(x) over -3z <x<3r.

Calculate the Fourier coefficient, a,.

Show that
)] a,= ——i— (1-cosnzx), and
nr
() b = cosnx ’
n
for n=1,2,3, ...

Hence, determine a Fourier series expansion for fx).

(3 marks)

(4 marks)

(10 marks)

(3 marks)



BSM 1923
A rod of length # m is fully insulated along its sides and its ends are dipped into ice and

held at a temperature of 0°C. At ¢ =0, it has an initial temperature x(z —x)°C. This heat

problem is expressed by
ou _0%u

o ot

where u(x,t) is the temperature of the rod at a distance x m from one end at time ¢ seconds.

(a) Complete the formulation of the heat problem by filling in the blanks below.

Heat Equation: %u? = 3%:714, O<x<m, t>0),
Boundary Conditions: u@0nN=__ , u@xt=___ , (t>0),
Initial Condition: u(x,0) = , O<x<m).
(4 marks)
® @ Show that the solution to the heat problem is
u(x,t) = D, (sin mx)e™>""
where D, and n are arbitrary constants.
(i)  Also, show that its general solution is
u(x,t) = i D, (sinnx)e ™"
]
(6 marks)

(¢)  After applying the initial condition to u(x,7), D, can be evaluated by using
D, = —3— fx(ﬂ -X) sin(%“—)dx,

where £ is the length of the rod. Show that

m

(5 marks)

((4)) Hence, show that

8 | (sinx)e @ (sin3x)e @ (si =35
u(x,t)=__{( ) ( ) | (sin5x)e .\
T

13 33 53

(5 marks)
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PARTB

Q3

Q4

(a) Given the first order ordinary differential
(t-4)y'dt-£ (7 -3)dy=0.
@) Show that the differential equation is separable.

(i)  Hence, solve the equation.

(5 marks)
(b) i) Show that the differential equation
dy 2x
— + ]
x — y=e
is exact.
(ii)  Hence, show that its solution is
2xy —e* = A4,
where 4 is an arbitrary constant.
(7 marks)
(c) Solve the following initial value problem,
(cosx)% +(sinx)y = 2cos’ xsin(x - 1), y(—}) =32, 0<x< 32’_ .
(8 marks)
Given y"-4y' +4y = f(x).
(a) Solve for f(x)=0.
(3 marks)
(b)  Solve for f(x)=(x+5)* by using the method of undetermined coefficients.
(9 marks)
() Solve for f(x)= sz; by using the method of variation of parameters.
e
(8 marks)



Q35

(a)

(b)

(©)

Given

(a)

(b)

©

(d)

(e)

BSM 1923
Find £ {—i“i—}

s +8s+12
(5 marks)
Consider the function
e’ 0<t<l,
)=
O
6)) Write the function f(x) in the form of unit step functions.
(i)  Then, find the Laplace transform of f(f).
(6 marks)
Solve y"+4y=88(@t-2x), y(0)=3, y'(0)=0.
(9 marks)
2x -3<x<0,
f(x)_{-zx 0<x<3,
fx) = f(x+6).
Sketch the graph of Ax) for —-10 < x <10.
(3 marks)
Determine whether f{x) is an odd, even or neither function. Give your reason.
(2 marks)
Find the Fourier coefficients; a,, a,, and b,.
(9 marks)
Obtain the Fourier series expansion of the periodic function fx).
(3 marks)
Find the value for the series 1+~;—+%+---
(3 marks)
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FORMULA

Second-order Differential Equation
The roots of characteristic equation and the general solution for differential equation

ay"+by +cy=0.

Characteristic equation: am’ +bm+c =0.

Case | The roots of characteristic equation General solution
1. | Real and different roots:  m, and m, y=Ae™ + Be™
2. | Real and equal roots: m=m =m, y=(A+ Bx)e™
3. | Complex roots:m, =a + i, m,=a—fi | y=e™(Acos fix+ Bsin fix)

The method of undetermined coefficients
For non-homogeneous second order differential equation ay”+by'+cy= f(x), the particular

solution is given by y,(x):

f(x) Y,(x)
P(x)=Ax"+A, _x""'++A4x+4, | X (Bx"+B,_x""+-+Bx+B)
Ce™ x"(Pe®™)
Ccos fx or Csin Bx x"(Pcos fx+Qsin Bx)
P,(x)e™ x"(Bx"+B, x"" +--+Bx+B,)e*
P {c?s Bx “| X (Bx"+B,_ x"" +---+ Bx+ B,)cos fx +
sin fx x'(Cx"+C, x"" +--+Cx+C,)sin Bx
Ce™ {cos Bx x"e™ (P cos fBx+ Qsin Bx)
sin fx
P (x)e™ {Cf)s Bx x"(Bx"+B,_ x"" +---+ Bx+ B,)e* cos fx+
sin fix x"(Cx"+C,_x"" +.-+Cx+C,)e™ sin fx

Note : 7 is the least non-negative integer (» = 0, 1, or 2) which determine such that there is no
terms in particular integral y,(x) corresponds to the complementary function y_(x) .

The method of variation of parameters

If the solution of the homogeneous equation ay”+by'+cy=0 is y, = Ay, + By,, then the
particular solution for ay” +by’'+cy = f(x) is
y=uy, +vy,,

N V2

’
Wi 2

V. f(x) v f(x) , ,
whereu=—_[—3;V—I/—dx+A, v=f—‘;W—dx+B and W = =0V, = Y-
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Laplace Transform

ci{f@y= [ f@e™dt = F(s)

f@ F(s) f@) F(s)
4 hd H(t-a) (A
S S
Ja : ia f(t—a)H(t - a) e F(s)
sinat " -‘:az o(t-a) e
cosat — f(®)5(t-a) e f(a)
sinh at - i’az [ fag-uyau F(s)-G(s)
coshat 2 j g w(t) Y(s)
", n=123,.. S:Iil y'@®) sY(s) - y(0)
e £(0) F(s-a) y'(@®) s’¥(s) - sp(0) - ¥'(0)
L@, n=123... | (=1 ;"n F(s)
Fourier Series

Fourier series expansion of periodic

function with period 2L

1 > NrTx ~ . nrx
f(x)=—a,+ Zan cos——+ E b, sin—
2 n=} n=| L

where

a=7 [\, 1)

1L nax
a, —-L—I_L f(x)cos—L—aZx

1

L . nmux
bo=—1[ f(x)smiL-dx

L

Fourier half-range series expansion

1 o~ nm <=, . AAX
f(x)==ag+) a,cos——+Y b, sin—
2 n=1 n=1
where

a=2 [} 1) ds
= % IOL f(x)cos% dx

2 ¢L . hmx
by = jo f()sin==dx




