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PART A

Q1 (a) Given the force field
F(x,y,z)=¢"i+xe’j+0k.

@) Prove that F is conservative.

(i)  Find its scalar potential function #(x,y,z) such that F=Vg

(iii) Hence, calculate the amount of work done by F(x, y,z) in moving a particle
from the point (1, 0,0) to (-1, 0,0).

(12 marks)

(b)  Use Green’s Theorem to evaluate the line integral I(x+ W+ By+y —x*)dy, where
C

C is the triangle with vertices (0,0), (2,0) and (2, 4) oriented in a counter clock-
clockwise direction.

(8 marks)

Q2 (a) Use Divergence Theorem to find the outward flux

I _"F-n as
of the vector field F(x,y,z)=(x’ -’ )i+(y’ +sinz) j+(z* —xp)k, across the surface o
of the region that is enclosed by the hemisphere z =\/4—x2 —3* and the xy —plane.
[Hint: Use spherical coordinates. ]
(10 marks)

(b) Use Stokes’ Theorem to evaluate

H(VxF)-n ds,

where F(x,y,z)=2zi+3xj+5yk and & is the portion of the paraboloid z=4-»*-y?
above the xy — plane with n the outward unit normal vector field too .
(10 marks)
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Show that the function f(x,f)=sin(nzx)cos(nmct) satisfies the wave equation

' % =% for any positive integer n and any constant ¢ .

(5 marks)
Given the function f(x,0)=x¢"*°. Find aa: afg where 7 is a constant.

(2 marks)

Given z = In(1+ xy ). By using total differential, approximate In(1+(~0.09)(1.98))
as (x,y) moves from the point (0, 2) to the point (-0.09,1.98).
(4 marks)

Find the local extrema and saddle point(s) of f(x,y) =4xy —(x* + *).
(9 marks)

. o oo x'y . . .
Given .[.3 j . . dy dx . Evaluate the integral by using polar coordinates.

(5 marks)

Find the mass of the solid bounded by the cylinder x* + y* =49 and the plane z=6
in the first octant with the density function

4

ST

(6 marks)

Let G be the solid in the first octant bounded by the two spheres x* + y* + z> =16
and ¥*+)*+2*=1. Sketch the region G and then by using spherical coordinates,
evaluate

Il 757

(9 marks)
Sketch the graph for the following vector-valued functions.
6 r(=G+2)i+(5-3)j+(2-4Dk, 1eR.
(ii) r(t)=%ti+cos3tj+sin3tk, 0<t<2nr.
(4 marks)
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Find the vector equation of the line which is-tangent to the curve
r(t)=Fi-——j+(d-)k, 121
t+1

at the point (4, 1, 0).
(4 marks)

Suppose that a particle moves along a circular helix such that its position vector at
time ¢ is
r(t) = (dcosx)i + (4sinzt)j+ 1k .

Find its speed when # =2 and the distance travelled of the particle during the time
interval 1<¢<5.
(3 marks)

Find the curvature x(?) for the curves

) r(H) =ti+at*j+0k.

(i) r@=asinti+a(l-cost)j+0k.

(iii) If both the curves coincide and have the same curvature when # = 0, find the

value of a.
(9 marks)

Find a unit vector in the direction in which the function

fayy=tsl
x y

increases most rapidly at P (- 1,1,0) and find the rate of change of f in that direction.
(5 marks)

Evaluate the following line integral

szdx + xydy + z%dz |
where C is a parametric curve defined by C: x =sin¢, y=cost, z=1, Ostsg.
(5 marks)

Find the centroid of the surface o, where o is the portion of the sphere x* +)% +22 =4
that lies above the plane z =1.

Hint : Centroid of a surface o is defined by

:[fde [[as gzdS

7 — (-4 - —
> y— y 2= .
areaof o areaof o area of o

X=

(10 marks)
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Formulae

Polar coordinates: x=rcos 6, y=rsin 8 and x*+y? =
[[re.nada= [[7¢.0) rdrae

Cylindrical coordinates: x=rcos 6, y=rsin 0, z=z and ¥* +y2 =
J[lfeey.2) av = [[[£(.6,2) rdzarae
G G

Spherical coordinates: x = pcos@sing, y=psindsing, z=pcosg, o =x*+y*+7,
0<g<zand 0<0<27x

7.2 @ = [[[£(0.4.6) p*sing dpag e

The directional derivatives, D, f(x, y) = (f, i+f, j)- u; The gradient of = V¢

Let F(x,y,z) = Mi+ N j+ Pk is vector field, then

ThedivergenceofF=V-F=a—A£+2Ai+a_P
& oy oz
i j k
The curl of F =VxF=| 2 2 0| (0P _oN i_(a_P_aﬁ)H ON _oM )\,
o oy oz o oz ox oz & oy
M N P

Let C is smooth curve given by r(f) = x()i + y@j+zok.

The unit tangent vector, T(f) = e

) ITO} _ Ir@xr"@)]
Irol  jrof

Green Theorem:

cfchHN dy = ”(al—aﬁjau
R

Curvature, «

Ox dy
Gauss Theorem: Stokes’ Theorem: ‘
J-J.F-n as = ”-J‘V-F av ”' (VxF)en dS = LF.dr
S G s
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Arc Length of Plane Curve and Space Curve

For a plane curve, r(f) = x(#)i+ y(#)j on an interval [a,b], the arc length

§= fll"(’)ﬂ dt = f\/[x'(t)]z +[y' (1)) dt.
For a space curve, M0)=x()i+0)j+z()K on an interval [a,b], the arc length

o= (ko) a- [Vix P P 1o a.




