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PART A
Q1 A periodic function is defined as
|+7+x, -r<x<0,
T —X, O<x<m,
= f(x+2x).

(a) Sketch a graph of f(x) from -3z to 37 to determine whether the function is even,
odd or neither.

(4 marks)
(b)  Show that the Fourier series corresponding to the function is
4 & cos(2n—1)x
==, ——
(12 marks)
(©) Hence, show that by substituting an appropriate value of x
7[_-=1+L+ L+L+....
8 3 3 3
(4 marks)

Q2 A uniform rod of length 20 c¢m is fully insulated along its sides. The initial temperature at any

point P, a distance of x units from the first end, on the rod is f(x). The temperature at both

ends is held fixed at a constant temperature 0°C. The temperature u(x,t) at time ¢ is

£31:4“—'_'1 0<x<20, t>0, ..o, (1)
ot ox

where k is a constant.

(a)  Verity that for arbitrary constants 4, Band A >0,
u(x,f) = (Acos Ax+ BsinAx)e ™, ... 2)

satisfies (1).



(b)

(c)

(d)

(e)
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Fill in the blanks for O, R and S.

Boundary Conditions: u(0,1)= 0 | (t>0)
1>0).
u(20,6)= R |
Initial Condition: u (x, O) = (0< x <20).
(3 marks)
By substituting one of the boundary conditions into (2), show that
u(x,t)= Be™* sinAx.
(4 marks)
By applying the second boundary condition, show that
A=—, n=12,3,...,
and therefore, by superposition principle, the general solution is
e
u(x, t)= ZB"e 100 sin(m—x) ........................... 3)
n=l1 20
(5 marks)
Compute B, in (3) if the initial temperature f(x)= 5sin 7%
(4 marks)



PART B
QW @
(b)
(©
Q4 (@
(b)
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Show that

yo I x
y 3x 3y

is a homogeneous differential equation. Then by using substitution y =vx, find the
particular solution if y(1)=1.

(7 marks)
Obtain the general solution for the differential equation
(cosx+xcosy—y)dy+(siny— ysinx)dx =0.
(7 marks)

In a hostel of 1000 population, two students were found to have contracted HIN1 flu
after returning home from a mid-semester break. If the flu propagates throughout the
population according to the differential equation

—=0.005(1000- y),
dt ( y)

where y(7) denotes the number of students who have contracted the disease by time ¢

in days), how long does it take before 25% of the students have e disease?
(in days), how long does it take before 25% of th d have had the di ?

(6 marks)
Solve the differential equation
V' =2y +y=—s
1+x
Hint : [—— dx =tan™ (x)+c
(10 marks)

Given a non-homogeneous second order ordinary differential equation as
Y +9y'=e”" +cos(2x).

Find the general solution for the differential equation by using the method of
undetermined coefficient.

(10 marks)



QB @
(b)

Q6 (3
(b)

BSM1 3

Show that
. S s
(i)  L{cost—(cos)H(t—7)}= s2+1(l+e ),

(ii) by using convolution theorem

|

-
| (s2 +1)_

Hence, use the result in Q5 (a) to solve the initial value problem

y'+y=cost—(cost)H(t—7x), y(0)=2, y'(0)=1.

Show that the half-range cosine series for the function

fx)=(x-1)", ©O<x<l).
1S

1 1 &cosnzx

3 7, n

Hence, show that

2
@ Torets Lid
6 2 3 4

(1) ﬂ—_=1—L,+L'—L+-
12 2 3 4

(12 marks)

(8 marks)

(10 marks)

(10 marks)
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Formulae

Characteristic Equation and General Solution

Case | Roots of the Characteristic Equation General Solution
1 my and m, ;real and distinct y—Ae™ + Be"
2 m, =m, —m , real and equal y=(A4+ Bx)e™*
3 m=atifi ;imaginary y =e"*(Acos fx + Bsin fix)

Particular Integral of ay" +by' + cy = f(x)

S

Y, (x)

P(x)=A4,x" +--+ A x+ 4,

x"(B,x" +--+ B x+B,)

Ceax

xr(Peax)

Ccos fx or Csin fx

x"(pcos fx + gsin fx)

P (x) e*” x"(B,x" +---+ B x+ B,)e""
lcosﬂx x"(B,x" +--++ B,x + B,)cos fx
or +
lsinﬂx x"(C,x" ++-+Cx+C,")sin fx
cos fx
Ce®* | or x"e**(pcos fx + g sin fx)
sin fx
cos fx x"(B,x" +---+ B,x + B,)e™ cos fx
P (x)e”* -4 or +
s fx x"(C,x" +---+Cx +Cy)e™ sin fx

Note : r is the least non-negative integer (» = 0, 1, or 2) which determine such that there is no

terms in particular integral y,(x) corresponds to the complementary function y_(x) .
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Laplace Transforms

Io f(t)e"dr =F(s)
@ F(s)
a
a
S
".n=1273,... -i:-l—
S
e” 1
S—a
sin at a
s2+ad?
cosat S
52 + 02
a
inh
S at S2 - az
S
h
cosh at S2 - a2
e 1) F(s—a)
tnf(t)a n= 1, 2, 3, /_1)" an(S)
ds"
f(t - a)H(t - a) e—asF(s)
f(t)d(t - a) e—asf(a)
y() Y(s)
) s¥(s) - »(0)
Yo 5*¥(s) - 5(0) - »(0)

Convolution Theorem

Let L{F(s)}=f(1) and L7 {G(5)}=g(1), then L™ {F(5)G(s)}= ff (W)g(t—u)du=f(1)*g(t)
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Variation of Parameters Method

The general solution for ay” + by’ +cy = f(x) is y(x) =uy, +vy,, where

DA S

u=—_{ﬁ—(x—)dx+A, v=j—yﬂdx+3, W=
114 aW N

a

Fourier Series

Fourier series expansion of periodic function with period 2L

1 ¢L
a= ], 1()d

L

a, = 7 I_L f(x) cos% ax
L

b, = % [ re sin% dx

f(x)=—a.+) a,cos—+> b, sin 2%

n=1

Half range series

a = |, /() s

=_[" —
a, 7 o f(x)cos 1 dx

L
b, = % [ 70 sin%lx— dx

1 - nm nmx
f(x)=—ay+Y a,cos=—+Y b,s1 —
n=1 n=1






