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Let f(x,y) =

(a) Find domain and range of f (x)/ 7 )
(2 marks)

(b) Determine whether f (x)/ is)continue at (0,0) or not. Give any reason.

(5 marks)

(@) Let W=x+y?+2z3 wherex =Inrst,y = e "™ and z = rst. Find W,.

(5 marks)
_ Xty 9z , 97 _
by Ifz= prwn shows that x o + Yoy = 0.
(5 marks)
Find the local extremums of the function
fle,y) =2x3 +y3+3x?2 -3y — 12x — 4.
(12 marks)

Use double integrals to find the surface area of z= VxZ+y? that lies under the
plane z = 3,

(7 marks)
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Line integral of f(x,y,z) respects to arc length S around curve C,
f c f(x,y,2)dS, can be used to compute the mass and centre of mass of a thin
wire when f is assumed as a density of the wire.

Consider a wire with a shape of helix x = 2cost, y = 2sint,z=t for0 <t <
27, and the density of the wire, 6(x,y,z) = 2 at any point (x, y, Z).

By using line integral, find the mass and the centre of mass of this wire. Does the
centre of the mass lies on the curve or the wire itself?

(11 marks)

(a) Find a vector-valued function r(t) that represents the curve of intersection of

the cylinder x* + y° =1 and the plane x+z=1.

(b) Find the unit tangent vector T(t).

(7 marks)

S be the sphere with radius 4, H is the hemisphere of S on positive value of z-axis
and D is the disk x? +y? < 16 in the xy-plane. G is the solid bounded by
surfaces H and D oriented outward, and F(x,y,z) = 2xi+ 2yj + 5k is the
vector field across the surface G.
(a) Write an equation of H as z = f(x,y) and plot graph G.

(3 marks)
(b) Find f, and fy at point (2, 2,/8) and gives its geometrical

interpretation.
(6 marks)
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From (b), find the directional derivative of f at point (2,2,v/8) in the

direction
(i) a=i
) b=j
i) c=1i+j
(5 marks)
Find the volume of G by using:
(1) double integral in cylindrical coordinate
(i1) triple integral in spherical coordinate
(7 marks)

Show that the area of D is 16 unit® by using Green theorem to the line
integral §, %(—ydx + xdy), where C is a simple closed path oriented

counterclockwise given by D.

(4 marks)
Hence, from all above related results:
(1) Use Stoke’s theorem to evaluate gﬁc F-dr where C is the
boundary of G in the xy-plane. What can you conclude?
(ii) Verity the Gauss theorem
(21 marks)
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Formulae
Polar coordinate: x =rcosf, y=rsind, @ =tan"' (y/x)., and [] f(x,)d4 = [[ f(r,0) r drd6
R R

Cylindrical coordinate: x =rcos@. y=rsin, z =z, [[[ f(x,y.2)dV =[] f(r.0,z)rdz dr d6
G G

Spherical coordinate: x = psingcos8, y = psingsiné, z = pcosg, x? +y:Z +z2 = p2,
0<0<27,0<¢<7m,and

[ f(x,y,2)dV = [[| f(p.8,0)p” sing dpdp do
G G

Directional derivative: D, f(x,y) = (fxi + f_vj)- u

Let F(x,y,z) = Mi+ N j+ Pk is vector field, then

the divergence of F=V -F = 8&+8_N+8_P
ox Oy oz
i j Kk
thecurlofF=V><F:i 0 9o|_[oP N i_[@_]’_aﬂ), ON _oM k
Ox Oy Oz oy Oz Ox 0Oz ox Oy
M N P
Let C is a smooth curve given by r(r) = x(¢)i + y(¢)j+ z(t) Kk, ¢ is parameter, then
the unit tangent vector: T@) = _t?@
e’
the unit normal vector: N() = T,—(t)
[T’
the binormal vector: B(#) =T{)xN(¢)
T'(¢ r'@yxr'(t
the curvature: K= H ,( )H = H @) § )H
ol o)
the radius of curvature: p=1l/x

Green Theorem: §Mdx+ Ndy=| [G_N —aﬂj dA
C R\ Ox Oy
Gauss Theorem: [[ Fe ndS = [[[ VeFdV
S G
Stokes’ Theorem: §{Fedr = [[(VxF)endS
C S

Arc length

If r(r) = x(t)i+ (1), t € [a,b], then the arc length s = [fH r'(t)|dt = ?\/[x’(t)]z +y ] dr

If r(tf) = x()i + y(t) j+ (1)K , 1 € [a,b], then the arc length s = [f\/ FOF +[OF +[z20F da

5
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Tangent Plane
z-zg = f,(x0.y0 Nx = x0)+ £ (x0. v Xy = »o)

Extreme of two variable functions

G ) = far(® )y 5 3) = (fr )

Casel: If G(a,b) > 0and f,,(x,y) <0 then f has local maximum at (a,b)
Case2: If G(a,b) >0and f, (x,y) >0 then f has local minimum at (a,b)
Case3: If G(a,b) <0 then f has a saddle point at (a,b)

Cased: If G(a,b) =0 then no conclusion can be made.

In 2-D: Lamina
Mass: m = [[5(x,y)dA, where J(x, ) is a density of lamina.
R
Moment of mass: (i) about y -axis, M, = [[x5(x,y)d4, (ii) about x-axis, M, = [[y6(x,y)dA
"R R

M, M
Centre of mass, (¥,7)= (—y = ]
m ' m

Moment inertia: (i) 7, = [} x>6(x.)dA. (i) I, =[] y*8(x.y)dA. Giii) 1, = [[{x* + y? )8 (x, »)dA
R R R
In 3-D: Solid

Mass, m = [[[5(x, y,z)dV . If 8(x,y.z)=c, c isaconstant, then m = [[[dA4 is volume.
G G

Moment of mass
(i) about yz-plane, M _ = [[[x5(x, y,z)dV
' G
(i)  about xz-plane, M . = [[[yS(x, y,z)dV

G
(iii) ~ about xy-pane, M, = [ff z8(x,y,z)dV

M_ M. M
Centre of gravity, (¥,7,Z)= [ r e A j
m m  m

Moment inertia

(i) about x-axis: /, = ﬂj(yz + 22)5(x,y,z)dV
G

(i)  about y-axis: [, = m(x2 +zz)5(x,y,z)dV
G

(i) about z-axis: 7. = [[[[x? + y2)8(x.y.2)dV
G




