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Find the local extremum and saddle point (if exists) for the function
fx,y)=2x+y> +3x> =3y —12x-4.
(10 marks)
Use cylindrical coordinates to find the volume of the solid within the
cylinder x> + y*> =9 and between the planes z=1 andy+z=2 .
(10 marks)

The displacement of a particle at time ¢ is given by
r(t)=2005%ti + 2 sin%tj -2k ,0<¢t<2x.

Find the velocity v(¢), the unit tangent vector T(¢), the unit normal vector
N(¢), binormal vector B(¢) and curvature x .

(10 marks)

Find the centroid of the solid of constant density p bounded by the right circular
cone z =+/x’ +y” and plane z =1. Given that the mass of the solid is % .

(10 marks)

Using double integrals, find the surface area of the portion of the sphere
x? +y? + z* =9that lies above the plane z=1.

(10 marks)
Show that the vector field F(x,y,z)=ye"i+(ze’ —e")j +e’k 1is a

conservative vector field and find its potential functioné(x, y,z) . Hence evaluate

<j‘ ye “dx +(ze” —e ")dy +e’dz , where Cis the path joining the points (0,0,0) to
C

(3.3,3).

(10 marks)
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Use Green's theorem to evaluate the integral

4xy
+2y

cjc In(1 +2y)dx —— —dy

where C is the boundary of the region enclosed by y = x% and x = y, and curve

C is oriented counterclockwise.

(10 marks)

Use Stokes’ theorem to evaluate the work done by the force field
F(x,y,z)=-2yi+2xj+z°k

along curve C where C is the boundary of the surface of sphere

x? +y? +z* =10 that lies above the plane z =1.

(10 marks)
Evaluate the flux of water Facross the cone z=9—4/x>+y’ that lies above

the plane z =0, oriented by an upward unit normal vector, where the velocity

vector field F(x,y,z) = 2xi+2yj+4k is measured in m/sec.
[Water has the density p =1 unit]

(10 marks)

Use the Gauss’s Theorem to evaluate the flux of vector field F across surface o,

where F(x,y,z)=2x"i+2y’ j+2z k and o is the surface of the solid enclosed

by upper hemisphere z = /4 - x? — y* and the plane z =0, oriented outward.

(10 marks)
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Formulae

Polar coordinate: x = rcosf@, y=rsin@, 0 = tan—l(y/x), and [[ f(x,y)dA=[[ f(r,0)rdrdf
R R
Cylindrical coordinate: x=rcos@, y=rsiné, z=z, [[[ f(x,y,2)dV = |[[ f(r.0,z)r dz dr dO
G G

Spherical coordinate: x = psingcosé, y = psingsinf, z = pcosg, x2 +y? +z% = p2 ,

0<6<27,0<¢<m,and
I(I;If(x,y,Z)dV = jcj;jf(p,¢,9)p2 sing dp d¢ do

Directional derivative: D, f(x,) = (/,i+ £,i)-u

Let F(x,y,z)=Mi+ N j+ Pk is vector field, then

the divergence of F =V -F =§M+@/_+6_P
ox Oy oz
i j k
thecurlofF:VxF=_a_ i __a_= _a_l_)_.aﬂ i—(ég—%Jj+ a_N_@J_ Kk
ox Oy Oz oy Oz ox Oz ox oy
M N P
Let C is a smooth curve given by r(f) = x(t)i+ y(#)j+ z(t)k, t is parameter, then
the unit tangent vector: T®) = L'Q
e’
the unit normal vector: N(t) = _T_'(t)_
[T'@)
the binormal vector: B(r) = T(t) x N(¢)
T'(¢ r'@)xr"(t
the curvature: K= ” '( )” = “ ® 3( )"
rol  ro)
the radius of curvature: p=1/k

Green Theorem: §M dx+ Ndy = [ (% - aﬂ] dA

C R\ Ox Oy
Gauss Theorem: [[ FendS ={[[ VeFdV
S G

Stokes’ Theorem: $F o dr = [[(VxF)endS
C S

Arc length
If r@)=x@)i+y(@)j, te [a,b], then the arc length s = lj)" r'(t) ”dt = ?\[[x'(t)]2 + b}'(t)]2 dt

If r(f) = x(1)i+ y(t) j+ (1)K, t € [a,b], then the arc length s = If\/ xOF +'OF +[2OF dr
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Tangent Plane
z-zq = f,(x0,y0 Xx = x0)+ £, (0> ¥0 Xy — ¥0)

Extreme of two variable functions

G(x,3) = Fn (69 f3 (5 9) = (£ (5 )

Casel: If G(a,b)>0and f,, (x,y) <0 then f has local maximum at (a,b)
Case2: If G(a,b) >0and f,, (x,y)>0 then f haslocal minimum at (a,b)

Case3: If G(a,b) <0 then f has a saddle point at (a,b)
Cased: If G(a,b) =0 then no conclusion can be made.

In 2-D: Lamina

Mass: m = [[5(x,y)dA , where S(x,y) is a density of lamina.
R

Moment of mass: (i) about y -axis, M, = [[x6 (x, y)dd, (ii) about x -axis, M, = [[ y&(x,y)dA4
R R

M, M
Centre of mass, (J“c, y) = (—y ,— J
m m

Moment inertia: (i) 1, = [[x*5(x,»)d4, (i) I, = [[y*6(x,y)dd, (i) I, = jj(x2 + yz)(s(x, y)dA
In 3-D: Solid ) * !
Mass, m = [[[8(x,y,z)dV . If 8(x,y,z)=c, c is aconstant, then m = [[[dA4 is volume.
Moment of C:nass °
@) about yz-plane, M,, = [[fx8(x, y,z)dV
(i)  about xz-plane, M,, = IG(I;I y&(x,y,z)dV

(iii)  about xy-pane, M,, = [[[26(x, y,2)dV

M, M. M
Centre of gravity, (i, Y, E) = [ S )
m m  m

Moment inertia
() about x -axis: I, =m(y2 +z2)5(x y,z)dV
G

Gi)  about y-axis: 1, = [[f(x? + 22)6(x,y,2)dV
G

i)  about z-axis: 1, = [f(x? + y?)s(x,y,2)dV
G






