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Q1  Consider the nonlinear optimization problem

Minimize 2x] +x7 +(x, +x,)" —20x, —16x, ,
subject to
Xtk S5 =20, x=20
(a) Expand the penalty function, given that

3

Plx)= %Z (max[0, g, X)) .

< =l

(3 marks)

(b) Define the penalty objective function.
(3 marks)

(¢) Show that the first-order necessary conditions are

6x, +2%, — 20 +e(max[0, x, + x, —35]) —e(max{0,—x ]} =0,
2%, +4%, —16 +e(max[0,% +x, — §])—e(max[0, —x,;]) = 0.
(6 marks)

(d) Deduce the solution

7¢* +33¢+36 8c+14
X, =————— e =
1

X,

3¢ +14c+15 27 345

as ¢ approaches o.
(8 marks)
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Q2  Consider a constrained optimization problem

9 o

Minimize x;+2x

b

subject to
el ~ 3y £

The barrier function is defined by
B(x)=~log(x +x;—1).

(a) Write an equivalent unconstrained problem.
(4 marks)

(b) Indicate that the first-order necessary conditions are given by

2%, (% + 2y —~1)— =0,
A3, (% 44—y~ u=0,
(6 marks)
(c) Prove that the solution for Q2 (b) is given by

EyI+3u 1 +1+3u
B et B Xy = —————
3 6
(10 marks)
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Q3 Consider a nonlinear optimization problem

Minimize 2x} +x; —2x,x, —4x, —6x,,
subject to
% x5 8,
~x; =+ 2% £10,
-~ 540,

~; £,

(a) Obtain the coefficient matrix for the active constraints and the inactive constraints.
. Ol . . .z A
The initial pointis x, = (0, 0) .

(4 marks)

(b) Calculate the projection matrix, that is,

P=I-A"(447)"4.
(8 marks)
(c) Show that multiplier = (-4, —6)", given that

u=—(4, ATV AV (x).
(8 marks)
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Q4  Assume that X is a regular point, then there will be a corresponding Lagrange multiplier
vector " such that

Vf(x")+(A) Vh(x") =0,
and the Hessian of the Lagrangian
L(x)=F(x")+ (") H(x)
must be positive semidefinite on the tangent subspace
M ={x:Vh(x')-x=0}.
(a) Show that the dual function ¢ has the gradient

V() =h(x(n)".
(9 marks)

(b) Determine that the Hessian of the dual function is

@) = -Vh(x(M)L ' (x(), ) Vh(x(R)" .
(11 marks)
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Q

N

Assume that the management has decided to produce P = 6,000 units of a given product
line consisting of three individual items. The allocation of the total quantity among the
three items will be decided by the following mathematical model:

3
Minimize ~ C= Z(h%m < ]

subject to

where
O, is the production quantity for item 7 (in units),

h, is the inventory holding cost for item 7 (in RM per month x unit),
S is the setup cost for item 7 (in RM),

d, is the demand for item 7 (in units per month),

P is the total amount to be produced (in units).

(a) Indicate the equivalent unconstrained minimization problem.
(4 marks)
(b) Derive the first-order necessary conditions.
(4 marks)
(c) Show that the optimal production quantity for item 7 is
. 28d
Q/ = ICI :
h+24
(3 marks)
(d) Evaluate the production quantity for 7 = 1, 2, 3, where the values of the parameters
are listed below
A=1,h=1nh=1 h=2,8 =100, §,=50, S, =400,
d, = 20,000, d, =40,000, d, =40,000.
(9 marks)
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