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SECTION A

Q1

(@)

(b)
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Given the heat equation

a_u:g@, 0<x<09, >0,
o 2o’
with the boundary conditions, #(0,7) =0 and #(0.9,¢) =1
and the initial condition u(x,0) =sin zx for 0<x<0.9.
By using explicit method, solve the heat equation up to second level
(t <0.04) by taking Ax=h=0.3 and Ar=k=0.02.
(9 marks)

A 6 cm by 5 cm rectangular silver plate has being heat uniformly
generated at each point at the rate ¢ =1.5cal/cm’s. Let x represent the
distance along the edge of the plate of length 6 cm and y be the distance

along the edge of the plate of length 5 cm. Suppose that the temperature u
along the edges is kept as the following temperatures:

u(x,0)=x(6—-x), u(x,5)=0 0<x<6
u0,)=y5-y), u(6,»)=0 0<y<5

where the origin lies at a corner of a plate with coordinates (0,0) and the
edge lie along the positive x-axis and y-axis. The steady state
temperature u = u(x, y) satisfies Poisson’s equation:

2 2
a_‘z‘+a_2‘:_—q—, O<x<6, 0<y<S5,
o oy K

where K, the thermal conductivity, is 1.04 cal/((cm)(degree)(s)). Use the

finite difference method with ~=1.5 and k=2.5 to approximate the
temperature u(x,y).
(16 marks)



Q2
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dT(x)

d
Consider the heat flow equation, Z;(A(x)k(x) j +Q0(x)=0 for 1<x<3

on a fin consisting of three nodes and two elements, as shown in Figure Q2. In
this equation

T(x) is the temperature at length,

A(x) is the cross-sectional area,

k(x) is the thermal conductivity and

QO is the heat supply per unit time and per unit length.

Given the following values: A4(x) = 1 unit’, k(x) = 1 unitand Q = 1 unit. The

boundary conditions are given as I,=T lx=] =0°C and the flux,

q; = q’x=3 =10 unit. The shape functions are defined as below:

N!(x)=-x+2, for x in the element 1,
N}(x):{ :

0, otherwise,
Nj(x)=x-1, for x in the element 1,
N,(x)=1N;(x)=-x+3, for x in the element 2,

0 otherwise,

N} (x)=x-2, for x in the element 2,

N3(x)={

0, otherwise.

By using the Galerkin method for approximation on the linear model,
T =, + a,x, find the temperature at each nodal point 7, =T ‘x=2 and 7, =T ‘F}.

(25 marks)



SECTION B

Q

(b)
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The manufacture of an automobile requires painting, drying and polishing.
A motorcar company produces three type of cars: a sedan, a convertible
and an SUV. The time requires (in hours) for each job for those cars are
given in the table Q3. The last column shows the total time allocation (in
hour) for those jobs in a certain week.

Table Q3
Sedan Convertible SUV Total
Painting 2 4 10 240
Drying 8 5 1 69
Polishing - 16 1 41

(1) By assuming x as Sedan, y as Convertible and z as SUV, form the
system of linear equations.

(i1) determine how many of each type of cars are produced by using
Crout method.
(iii)  Compare the results using Gauss-Seidel Iteration.
Start with X@ = (6 023)".
(16 marks)

The following simultaneous nonlinear equations y=x>-3x+2 and

¥=e

X

are illustrated in Figure Q3.

(1) By Intermediate Value Theorem, show that is a value of x in the
interval of [0, 1.5] which is the intersection of the simultaneous
nonlinear equations above.

(ii) By using Newton-Raphson method, find the x-value. Start with
x,=0.

(9 marks)




Q4

(a)

(b)
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Show that the following data construct the natural cubic spline below:

X 1 2 3
f(x) 1 1 0

—l(x—1)3+(2—x)+§(X—1), x€[l,2]
4
S@=1 5
_Z(s—x) +Z(3—x), x€[2,3]

(15 marks)

By referring to the natural cubic spline in (a), complete the following
table.

1.0 1.5 2.0 2.5 3.0

X
f(x) 1.0 1.0 0.0

Hence, find approximate values of f'(2) with 2=0.5. Use

(i) 2-point backward difference formula.
(ii) 3-point central difference formula.
(i1) 3-point forward difference formula.

(iii)  5-point difference formula.
(10 marks)



Q5 (3

(b)

(c)
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Find the integral of f(x) by using appropriate Simpson’s rule between
x =1.0 until x=1.8 for following data.

1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8

X
A 1.543 | 1.669 | 1.811 | 1.971 | 2.151 | 2.352 | 2.577 | 2.828 | 3.107
(6ﬁarks)
3 -1 O
Given that 4=|-2 6 —2 | with three positive eigenvalues. By using
6 -1 3

the initial vector v® =(0 1 0)’ and convergence criterion

‘mk“ —mk‘ <¢e=0.005.

(i) Compute the dominant eigenvalue and the -corresponding
eigenvector of the matrix 4 using Power method.

(ii) Use the Shifted Power method to compute the smallest eigenvalue
and the corresponding eigenvector of the matrix A.

(12 marks)

Solve the following ordinary differential equation
dy
dx
with uniform step size 4#=0.1 at interval [0, 0.2] by using fourth-order
Runge-Kutta method.

+y=-2x, y(0)=-1,

(7 marks)

- END OF QUESTION -
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FORMULAS
Nonlinear equations
X,
Newton-Raphson method : x,,, =x, — f,( ) ,1=0,1,2,...
S(x)
System of linear equations
Crout Factorization: A=LU
a4 Gy 4y, L, 0 0 01 uy, wuy Uy,
dy Ay Ay 0 dy, Ly L, 0 - S0 1 Uys Uy,
ay,  ay Ay o ay, =1y L, Ly 0 0 0 1 Us,
anl anZ an3 o ann lnl an lnB e lnn 0 o 0 0 1
N *+) _ N\ 0
b, —Zay.xj - Zaijxj
Gauss-Seidel iteration : x**" = = =ai ,Vi=1,2,3,., n.
a"
Interpolation
Natural Cubic Spline:
hy =X, — X,
J - Sfen—-Ffipr k=0,1,2,3 .,n-1,
k hk
b, =6, —-d,), k=0,1,2,3,..,n=2.
my, =0,
m, =0,
hom, +2(h, +h, )m,, +h_ m.,=b, k=0,1,2,3,.., n-2.

S, (x)= 6_”;1k_(xk+l _x)3 +%(x—xk)3 +(£_k“%hk)(xk+l _x)‘*'(%_r—n?]”hk )(x_xk)
k k « «

k=0,1,2,3,..,n-1.
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Numerical Differentiation
2-point forward difference: f'(x) = Slx+ h}: = /)
2-point backward difference: f'(x) ~ Sx) - ; k)
3-point central difference: f'(x)~ JG+ h)2_hf i)
3-point forward difference: (%)~ — JEE+SR) ¢ 42]; (et k) —371%)
3-point backward difference: f'(x)= 3/(x) 4/ (x 2_hh) tfx=2h)
5-point difference formula:  f'(x) ~ — Sx+2n) +8/(x+ }12)2; 8fG—m)+ fx=2h)
Numerical Integration
. 1 b h n-1 n-2
Simpson 3 Rule:J. f(x)dng fot/f,+ 4Zf, + 2Zf,
“ i=1 i=2
iodd ieven

Simpson %rule : J.bf(x)dx ~ Eh

{(fo AR VR SRl P P S o A +f,,_1)}
8

2t et fs)

Eigen value
Power Method: vV = LAv("), k=0,1,2,...
mk+1

Ordinary Differential Equation

Fourth-order Runge-Kutta Method: y,,, =y, + é(kl +2k, + 2k, +k,)

where ky =hf(x;, ) k, =hf(x, + g y, + %)

b=+, +%) ko =hf(x, +h, y, +ky)
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Partial Differential Equation
Heat Equation: Finite Difference Method

Qz,l‘ _ (,’2 621,{ u/,j+1 _u/,j _ Cz ui—l,j _2ui,/ +ui+1,j

o), o) k n’

> L]
Poisson Equation: Finite Difference Method
(azuj N (5—22) _ U — 2u,‘j +u,, N U o~ 2u,.’j tu, _0
2 2 i,J 2 2
ox ” oy v h k

Finite Element Method

Heat flow problem in 1 dimension for a <x<b

N(x)=[N,(x) N,(x) -+ N,(x)]

N, (x)= [N o (x) J is global shaped function for element e at node m

I
F .
T=|. is the temperature vector at node
T,
KT =1, —f,
where

stiffness matrix, K = J‘['BTAkB dx or

an,
K, =[ T ak
b da dx

dN
dx

L dx is a square matrix with dimension 7 x n,

boundary vector, f, = —[NTAqJ’a’ have the dimension 7 x 1,

load vector, f, =— I ’ N,QO(x) dx have the dimension n x 1.

10




