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SECTION A

Q1

Q2

(2)

(b)

(@)

(b)

Find the unit tangent vector, unit normal vector and curvature of the given vector-
valued function.

r(t) =(t,3 cost,3sint)
(10 marks)

A force with the magnitude of 20 N acts directly upward from the xy-plane on an
object with mass 4 kg. The object starts at the origin with initial velocity v(0) =i - j.
Find its position function and its speed at time 7.

(10 marks)

Use Green’s theorem to evaluate the following;
f (2y —x®)dx + (4x + y*)dy

where C is the boundary of the region in first quadrant bounded by

x% —2x + y? = 0 and y = x. In addition, evaluate the line integral directly.
(10 marks)

Suppose C is the curve obtained by intersecting the plane z = x and the cylinder
x% +y? = 1, oriented counter-clockwise when viewed from above. Let S be the
inside of this ellipse, oriented with the upward-pointing normal. If
F=xi+2zj+2yk, verify Stokes’ theorem by computing both gﬁc F.dr and

Jl;curl F.ds.
(10 marks)
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SECTION B

Q3

Q4

Qs

(a)

(b)

(©)

(a)

(b)

(©

(2)

(b)

©

For the function f(x,y) =7 —4x — 3y, sketch the level curve f(x,y) = -7,
f(x,y) =0, and f(x,y) = 7 in the domain of f in the plane.
(4 marks)

The pressure P (kPa), volume V" (L), and temperature 7 (K) of a mole of an ideal gas
are related by the equation PV = 8.31T. Find the rate at which the pressure is
changing when the temperature is 300 K and increasing at rate of 0.1 K/s and the

volume is 100 L and increasing at rate of 0.2 L/s.
(10 marks)

The period T of a pendulum is given by T = 2m,/l/g, where [ is the length of the
pendulum and g is the acceleration due to gravity. Calculate the maximum
percentage error made in computing g from this formula, if the percentage error in ¢

and [ are 0.5% and 1% respectively.
(6 marks)

If f(x,y) =x%—4xy+y3+4y, find its critical points and determine whether
f(x, ) at that point is a local maximum, a local minimum, or a saddle point.
(13 marks)

Find the domain and range for the function;

flx .y)—x 2y

(2 marks)

Suppose the dimensions of a rectangular box are changed from 15, 13 and 11 to
15.03, 12.96 and 11.02 (in centimeter). Use total differential to approximate the
changes in volume.

(5 marks)

Calculate the iterated integral for the function f(x,y) = 4x% + 6xy? on the
rectangle (1,3) and (-2,1).
(6 marks)

Use a polar coordinates method to find the area enclosed by the three-petaled rose

r = sin 36 as shown in Figure Q5.
(7 marks)

Let G be the wedge in the first octant cut from the cylindrical solid y2 + z2 < 1 by
the plane y = x and x = 0. Calculate [[f z dV.
— : (7 marks)
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Q6 (a)  LetR be the annular region lying between two circles x? + y? = 1 and x2 + y2 = 5.
Sketch the region R and evaluate [f,(x* +y) dA.

(10 marks)

(b) Use triple integration in cylindrical coordinates to find the volume of the solid G that

is bounded above by the hemisphere, = /36 — x2 — y?2 | below by the xy-plane, and
laterally by the cylinder x? + y% = 9.
(10 marks)

- END OF QUESTIONS —
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+=s1n 36

FIGURE QS
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Formulae

Implicit Partial Differentiation:
o _Lyn) 0 fer)
0x  L@yz O 0y L&y

Small Increment, Estimating Value:

Total differential/approximate change, 0z = g—z dx + g; dy

Exact change, dz = f(x1,y,) — [ (%0, Yo)
Approximate value, z = f(x,,V,) + dz
Exact value, z = f(x1,v;)

dz

F4

0z dx

ax z

azdy
3y z

Error: |dz| = zalxl + |§§ dy| and Relative error:

Polar coordinate: x=rcosd, y=rsin@,x*+y% =12 and [[ f(x,y)dA=[[ f(r,0) rdrd@
| R R
Cylindrical coordinate: x =rcost, y=rsin@, z=z, [[[ f(x,y,2)dV = || f(r,0,z)r dz dr d6
G G

Spherical coordinate: x = pcosfsin®, y =psin@sin®,z =pcos®, x2+y?+z%=p?
0<0<27,0<¢<z and [[| f(x,y,2)dV =[[[ f(p,$,0)p> sin p dpdgd6
G G

Directional derivative: D, f(x,y) = (fxi + Jy j)- u
TERBUKA

Let F(x,y,z)=M i+ N j+ Pk is vector field, then

the divergence of F=V-F = %xAi N @

ay Oz

i i k

thecurlofF:VxF:i 9 i: a—P—a—N [a—P—(—a—% - o _ B k

ox oy O oy 0z ox 0Oz ox Oy

M N P

Let C is a smooth curve given by r(f) = x(¢)i+ y(t)j+ z(¢)k, ¢ is parameter, then
the unit tangent vector: T() = = (t)
the unit normal vector: N@) = IT @)
the binormal vector: B(r) =T(t) x N(®)
T'(¢ r'(f)xr"(t
the curvature: = | ,( )“ = “ © § l
[F®l ro)

the radius of curvature: =]1/x
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Green Theorem: M dx+ Ndy = ﬁ(a—N - QA—{jdA
c R\Ox Oy

Gauss Theorem: [[FendS=[[[VeFdl
s G
Stokes’ Theorem: §Fedr = [[(VxF)endS
& s

Arc length
b b
If v(f) = x(1)i+ (1) §, 1 € [a,b], then the arc length s = [|r'(?)]|ds = | \/[x'(z‘)]2 +[y®OF ar

If r(f) = x(2)i+ y(t) j+ z(1)k , t € [a,b], then the arc length s = ?\/ OF +'oOF +[2oF a

Tangent Plane
z—zq = [ (%0, ¥ Jox = x0 )+ f,, (0, yo Y = ¥o)

Extreme of two variable functions

G(x,3) = Fux B 2) (5, 9) = (£ (6. )P

Casel: If G(a,b) >0and f,.(x,y) <O then f has local maximum at (a,b)
Case2: If G(a,b) >0and f,.(x,y)>0 then f has local minimum at (a,b)
Case3: If G(a,b) <0 then f has a saddle point at (a,b)

Cased: If G(a,b) = 0 then no conclusion can be made.

In 2-D: Lamina
Mass: m = [[5(x, y)dA, where 3(x, ) is a density of lamina.
R

Moment of mass: (i) about y -axis, M, =[] x8(x,y)dA, (i) about x-axis, M, = [[yS(x, y)dA
R R

My, M,
" m

Centre of mass, (%, 7)= [
m

Moment inertia: (i) 1,, = [[x*5(x, y)dA4, (i) I, = [[y*S(x,y)dA, (i) I, = |f (x2 + yz)é'(x, y)dA
R R R

In 3-D: Solid
Mass, m = [[[S(x, y,z)dV . If 5(x,y,z)=c, c is a constant, then m = [[[dA is volume.
G G

Moment of mass

1) about yz-plane, M yz = j(j}j x5(x, ¥, z)dV TE RBUI <A

(i)  about xz-plane, M, = [[[ y&(x,y,z)dV
G

(i)  about xy-pane, M, = [[fz8(x, y, z)dV
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M}’ZszM-‘ZV
m’  m

Centre of gravity, (3?, y, E) = ( ,
m

Moment inertia

) about x-axis: 7, = [[f (y2 + 27 )J(x, y,2)dV
G

(i)  about y-axis: I, = [[f (x2 + zz)d(x, y,z)dV
G

(i)  about z-axis: 7, = [ff (x2 +y? )J(x, y,z)dV
G
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