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PART A

Q1

Q2

A periodic function f(x) is defined by

=X, —T<x<0,
f(x)={ X, O0<x<m.

and f(x) = f(x + 2m).

(a) Sketch the graph of f(x) over —3m < x < 3m.

(2 marks)
(b) Find the Fourier coefficients corresponding to £ (x).
(15 marks)
(©) From (b), prove that the Fourier series for f(x)
T 4w cos(2n — 1)x
=32l G-t
(3 marks)

A rod of length 2m which is fully insulated along its sides, has an initial temperature
1

distribution 100 sin (5 nx) °C. Att = 0 the ends are dipped into ice and held at a temperature
of 0°C. The temperature distribution u(x, t) satisfy the heat equation
ou 0%u

at  “oxz

The heat equation above has the solution

o]
. (MIXN 2 212,02
u(x, t) = ZDnsm (T)e LR g L
n=1
where D, are the Fourier sine series coefficients given by

2 rt o mux
o= [ @sin("T) s, n=123,..

(a) Show that D; = 100 and D,, = 0 forn # 1.

(10 marks)
(b)  Hence, determine the temperature distribution at point P at a distance x from one end
at any subsequent time t seconds after t = 0.

(2 marks)
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(c)
PART B
Q3 (a)

(b)
Q4 (a)

(b)

If the right end of the rod is lifted and heated until 4°C, find u(x, t) where

T, —Ty)x - nmwx
u(x,t) =Ty + % o Z Dy, sin (T) e_nZnZkzt/lz
n=1

where

2 T, — T, nwx

D, = —f fx)=T, - (T — To)x sin( )dx, n=123, ..
i1 l l
(8 marks)
Solve
(Bx*—2xy+e¥—ye ™ )dx+ Ry —x>*+e* +xe¥)dy =0
with initial value y(0) = 1.
(11 marks)

According to Newton’s law of cooling, the rate at which a body cools is
given by the equation

dT
E = —k(T - TS)'

where T is the temperature of the surrounding medium, k is a constant and t
is the time in minutes. If the body cools from 100°C to 60°C in 10 minutes

with the surrounding temperature of 20°C, how long does it need for the
body to cool from 100°C to 25°C.

(9 marks)

By using an appropriate method, solve
Y —4y=3x+e*
with y(0) =0 and »'(0)=1.
(13 marks)

A mass of 20.4 kg is suspended from a spring with a known spring constant
of 29.4 N/m. The mass is set in motion from its equilibrium position with an
upward velocity of 3.6m/s. The motion can be described in the differential
equation

. k

X+—x=0

m

where m is the mass of the object and % is the spring constant.

(1) Determine the initial conditions.
(1 mark)
(i)  Find an equation for the position of the mass at any time 7.
(6 marks)
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Q5 (a)
(b)
Q6 (a)
(b)

Find the Laplace transform for each of the following function:

) (2 +t3)e 2.
(i)  sin(t — 2m) H(t — 2m).
(iii) sin2t §(t — m).

(10 marks)
Consider the periodic function
{ 0<t<l1
t)= 5
1) {1—1, 1£f <2
)= f+2).
Sketch the graph of f(t) and find its Laplace transform.
1 I
Hint: L[/(0)]=— [ SO, 5> 0}
(10 marks)
) Find the inverse Laplace transform of
s+3
s?—6s+13°
(i)  From (a)(i), find
o, (s +3)e2™
s2—6s+13\°
(8 marks)
() Express
1
(g~ 1)z — 2%
in partial fractions and show that
1
L‘l{ }= B pBE 4 4ot
G -1 —2)72 e e“" +te
(i)  Use the result in (i) to solve the differential equation
Y —y=te*
which satisfies the initial condition of y(0) = 1.
(12 marks)
-END OF QUESTIONS-
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Formulae

Characteristic Equation and General Solution

3 m=atif

; imaginary

Case | Roots of the Characteristic Equation General Solution
1 m, and m, ;real and distinct y=dAe™ +Be"”
2 m, =m, =m ;real and equal y=(A4+ Bx)e™

y =e“*(Acos fx + Bsin fx)

Particular Integral of ay" + by' + ¢y = f(x) : Method of Undetermined Coefficients

S(x)

¥, (%)

P(x)=A,x" ++ Ax+ A,

x"(B,x" ++-+ Bix+ By)

Cellx

xr(Peax)

Ccosfx or Csin fx

x"(pcosfx+gsin fx)

Particular Integral of ay" +by' + ¢y = f(x) : Method of Variation of Parameters

Wronskian Parameter Solution
_P Y Yo f(x) »f(x)
W—yl. y.z ulz—j ZW dx, ZIZZI IW dx Yy = tuy),
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MATHEMATICS I

Laplace Transforms

L{f@y=|, fe™dt=F(s)
{0} F(s) 0 F(s)
a L H (t = a) e—_m—
S S
£ on=1,23,... - f(t-a)H(t~a) e F(s)
1 _
o4 — ot —a) e”
sS—a
sinat 5 “ 3 f)o(t—a) e “ f(a)
s +a
S t
cosat = [, fGog(t—w)du F(5).G(s)
a
s Y
sinhat ER y@ (s)
coshat sziaz (1) sY(s)— y(0)
e £ (1) F(s—a) y(t) %Y (s) — sy(0) — (0)
27, =123, ... (—1)"51"—F£—”
ds

T
Periodic Function for Laplace transform : £ { f (t)} 5 jo e f(t)ydt, s>0.

l_e‘sT

Fourier Series

a, = %jLL f(x)dx

&

n=1

4y | ¥ nwx . nITx _ 1 nrx
f(x)—7+Zl:ancos 7 +b, sin = :l where a, = I_Lf(x)cos——L dx

1,c . ATX
b" = —Z-[—Lf(x)sdex
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